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The object of this paper is to study the rapidity of convergence of the Taylor
mean of the Fourier series of f(x) when f(x) belongs to the class Lip(«, p). We
show that it is of Jackson order provided that a suitable integrability condition is
imposed upon the function ¢ (1) =1 f(x+ 1) =2f(x)+flx—1)}. 1985 Academic

Press. Inc

1. DEFINITIONS AND NOTATION

Let fe L[ —n, =] and be periodic with period 2n. Let the Fourier series
of f be given by

S(x) = Z e, (1.1)

Let the nth partial sum of the series (1.1) be s,(x)=>", ¢, exp(imx).
Let {a,,} be an infinite matrix defined by

l_rn+10n x
((—1—39T= 2 oawtt (lrol<1). (1.2)
k=0
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The Taylor mean of {s,(x)} is given by

T fix)= Z e S X (1.3}

whenever the scries on the right of (1.3) is convergent for each n=0, 1,....
The series (1.1) is said to be Taylor summable to s if

lim T7(fix)=s.

For p>1,0>0, we let w(g:0) and w (g; ) denote the modulus of con-
tinuity and integral modulus of continuity, respectively, of an appropriate
function g (see [12, pp. 42, 45]).

All norms to be considered in this paper will be L, (p>=1) norms.
Throughout the paper, norms will be taken with respect to the variable x.
and the subscript p to L, norms will generally be omitted. The classes Lip
a, Lip(a, p), Lip* a, Lip*{a, p) (p = 1) will be as usual (see [4, p. 612], also
see [12, pp. 42, 45]). The class Lip(a, p) with p = o reduces to Lip «.

Throughout the paper we shall let 4 stand for a positive constant which
need not have the same value at each occurrence.

We shall write

e Ay=3{f(x+ 1) =2f(x)+/(x—-1)}, (1.4)

1 — rexp(2it) = p exp(—2i0), (1.5)

Kin, ty=((1—rypy " 'sin[(n+ D@ +1)—(fn+ 1Y)} (1.6)
1 n4+1 ) 1

a,,—n{n-ki—k]__rr? . (1.7}

2. INTRODUCTION

The Taylor summability transform has been discussed by many authors
(see [1-107). Bochme and Powell [1] have considered generalizations of
the Taylor summability transform and the uniform convergence of a linear
operator associated with the generalized Taylor transform (see [1, p.29.
Theorem 4.1]). Forbes [37], Ishiguro [7], and Lorch and Newman [9]
have considered the Lebesgue constants associated with the Taylor method.
Miracle [10] has studied the Gibbs phenomenon for Taylor means. Suf-
ficient conditions for the Taylor summability of the Fourier series (1.1} has
been obtained by Holland, Sahney, and Tzimbalario [6].
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Hardy and Littlewood [4] have stated without proof that the class of
functions Lip(x, p) is identical with the class of functions approximable in
the L, norm with an error O(n "), by trigonometrical polynomials of
degree n. With a view to examining the range of values of « and p for which
the statement of Hardy and Littlewood holds, Quade [11] has obtained
the following, amongst other results:

THEOREM A. [f the function f(x) can be approximated for each n= 1, by
a trigonometrical polynomial, t,(x). of degree n ar most, such that
If=1,1=0(n""), p=1, then
(1) if0<a<], f(x)eLip(a, p).
(it) ifa=1, w0, /)=0(dlogo )

Moreover there exist functions for which | f—1t,ll=0(n ') which do not
belong to Lip(1, p).

THeOREM B. If f(x)eLip(a. p), p= 1, 0 <a <1, then, for any integer n,
f(x) may be approximated in L, by a trigonometric polynomial, t,(x), of
order n such that

If=t,ll=0(n 7).

With a view to obtaining the degree of approximation of the Taylor
mean 77(f; x) to fe Lipx (0<a< 1), Chui and Holland [2] have proved:

THeoREM C. If f(x)eLipa, O<a <1, and

[(u”)ﬁ |(p\(t) - (p\'(, + an)i ¢ naredi2(1

[ " di=0(n *) (2.1)

uniformly in x, where (1 +a)/(3+2)< B <! and a, is given by (1.7), then

max |T(fix)=f(x)|=0(n 7). (2.2)

0= ve2n

They have remarked that since the Lebesgue constants for the Taylor
method diverge as n — oo in order to get the degree of convergence of order
1% fe Lip a is not adequate.

The object of this paper is to obtain the degree of convergence of
T,(fix) to f(x) in the L, norm when fe Lip(«, p) (Theorem 1). Since we
find that the error is of order n 7 (0 <y <), we have obtained a subclass
of Lip(a, p} which satisﬁes an integrability condition analogous to (2.1),
and for which || T%(f: x)—f(x)]| =0(n *) (0<a<1) (see Theorem 4).

64045 4.5
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3
We shall need the following lemmas:
LEMMmA 1 (see [3]). For Q<r<1, |rOl <1, p given by (1.5), we have
((1=r)jp)" <exp(—Ant*) (O<r<m). (3.1)
and
H(L—=r)p) —exp(—nri/2(1 —r)’) = 0(ne*)y  (1>0).  (3.2)
LEMMA 2 (see [10]). Let r, 8 be as in Lemma 1. Then
0 —rt/(1 —r)} <At (0<1<n)2). (3.3)

LEMMA 3 [5,p. 148,6.139]). If h(x, t) is a function of two variables
defined for 0 <t <m, 0< x < 2n, then

kG, de (p> 1),

\I’g

H( hix, 1) dt

LEMMA 4 [4, Theorem 5(ii), p. 627]). Suppose that feLip(a, p) where
p=1, 0<a<1, ap> 1. Then f is equal to a function g € Lip(a — /p) almost
everywhere.

4

Our first theorem gives an L, estimate for the error in approximating an
feLip(a, p) by T5(f).

TueoreM 1. If feLip(a, p), 0<a <1, p> 1, then
IT,(f: x)—f(x)] = O(n **) (4.1)
SJor 0 < f <.

This theorem will be deduced from the following general theorem:

THEOREM 2. If fe L, (p>1), then, for 0 <f <1,

I T’n(f, x}—f{x)=0 <w,, <-1’;,f>> + 0 <J,~lu,.)/‘ M dt>

a,

+ O(n” exp(— An' ~2F)). (4.2)
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Since fe Lip(a, p), 0 <x <1, p> 1, implies that w,(J; )= 0(5”) (6> 0),
and since for 0 < f <1

n'exp(—An' Fy=0(n *), (4.3)
to deduce Theorem | from Theorem 2, it is enough to show that

~la) wp([) dt
Yay !

=0(n *), (4.4)

Equation (4.4) follows from the fact that

rlagh

* 'dt=0mn *y+0mn ).

Yy

Proof of Theorem 2. Since

J"" S+ +f(x—0)]
0

sin(1/2) sin((2k + 1) t/2) dt,

1
S,\,(X)Z—z—;

and since

n 1 —r n+1 u
sin(2k+ 1)u= 1)<2(u+0)— R
kgoa,,,\ sin(2k + 1) u ( S > sin [(n+ ){ (u+0) n+1}}

we have

) i t(ran pla)f  em (1) K(n, t)dt
TZ(f;X)—./(«\‘)=—{L + + }(p sin(#/2)

s

=1, +1,+1, say. (4.5)

Vay (up )/f

By the Minkowski inequality
IT(fx) =< I+ I+ 1L (4.6)

Now, since |l —r| < p, sin /22 t/m1 when 0 <t <z, we have, by Lemma
3, that

I, lgr"w{sin<n+%>t+(n+1)0}dt. (4.7)

0 1
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By Lemma 2 and the fact that sin nt <nr (0 <1< a,), the integral on the
right of (4.7) does not exceed

[ wpltif) {( + >t+(n+l)<At3+ il )}dz
Yo ! 2 1 —r

=0 (ﬂ ‘m” wt:f) dl)
( ,

Y0

since 1* <t (0<1<a,). Hence

1= 0w, (n " f)). (4.8)

Also, by Lemma 1 ((3.1))
K(n, t)= O(exp( — Ant’})), (4.9)

we have by Lemma 3 and (4.9)

"y tf )
1.1 :0< J’ ¢ dz>

=QO(n* exp(—Anl ), (4.10)

since w (4 f)<w, (m f)=O(1).
Finally, by Lemma 3 and the fact that [sin x| <1 for all x, we have

ptag) |
Li-o([" 12 a)

dn

ey ’” ) (4.11)

0<

On collecting the estimates from (4.8), (4.10), and (4.11) we get (4.2).

CorROLLARY 1. If felipa, O<a <1, then

T(fix)—/(x) =0 ™) (0<Br<i) (4.12)
uniformly in x almost everywhere.

The corollary follows from Theorem 1 by taking p= oo in (4.1) and the
fact that Lip(a, p) =Lip « when p= .

Since feLipa(0<a<1) implies feLip(a,p) (O<a<l, p>1), it is
interesting to estimate the expression on the left of (4.12) when
feLip(x, p). We have the following result in that direction:
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THEOREM 3. If feLip(o, p), O<a<<l, p>1, ap>1,
T (fix)=f(x}y=0(n = '"Fy  (0<f<) (4.13)
uniformly in x almost everywhere.
Proof of Theorem 3. In the notations of Theorem 2,
T fix)—f(x)=1+1,+1, (4.14)

as in (4.5).

By Lemma 4, the hypothesis fe Lip(x, p) implies that there exists a
function g e Lip(a — 1/p) such that /= ¢ almost everywhere. Hence. we can
conclude that almost everywhere

@ (1)=0(* 7). (4.15)
Using arguments similar to those used in estimating /, (without using

Lemma 3),
1,=0 (Jul—(p—ﬂ nt dl>
0 f

_ n a - lip
—O(n £) t dt>

=0 *"'7)

almost everywhere, by (4.15) and (1.7).
In a similar manner one can modify the estimates of /, and 7, and obtain

1220(’/1*(1 l,’P)/f)_+_0(n f/x+l,"p)
:0(1’17‘1 1’/’)/") (4,]6)

and
I,=0(n"exp(—An' *P))y=0(n "= 0k (4.17)

The theorem follows from (4.15), (4.16), and (4.17).

Remark. Theorem 3 is a result of the type considered by Izumi [8].

5

In this section we shall determine a subclass of the class of functions in
Lip(a, p) for which the error in approximating a function by the Taylor
mean of its Fourier series is of Jackson order.
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Precisely, we shall prove
THEOREM 4. [f fe Lip(a, p), O<a <1, p>1, and

'1": — 'ﬂlu”)/‘; H(P‘(f) - q;\'(l + an)“ ¢ nret 201

Pdi=0(n %) (5.1)

where (1 +o)/(3+a)< < and a, is as in (1.7), then

IT(fix)=f(x)=0(n 7).

THEOREM 5. Let fe L, (p>1) and satisfy the conditions

w1 f Yt is a decreasing function of tin (0< 1 <)
forO<o<1, (5.2)

and

T=0(w,(n 1)), (5.3)
where T is as in (5.1) and (14 0)/(3+0)< B <i. Then
1751 x)=f(X)] = O(w,(n ':f))+ O exp(—An' ). (5.4)

In order to avoid repetitions we first prove Theorem 5 and then deduce
Theorem 4 from it by appropriate reasoning.

Proof of Theorem 5. As in Theorem 2 we have
1T,/ x) =<+ L+ 15 (5.5)

where /,, I,, I are as in (4.5).
In view of the estimates obtained in (4.8) and (4.10), for I, and I3,
respectively, it is enough to show that

1] = 0w, (n ') (5.6)
Let us write b, = (a,)” and I, as
L=+,

where

2 rbep (1 a1t 1
[Zv(j—[ M() nre={2(1 - r) sin {(n »4)»5) [—{—(n-f-l)(}} dt
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1 rbn 1 1—r n41 I 1y 2}
[,,:-_- t - ____’—nrr/(]r—r)
o TIL,, @l )[Sln t/2< P ) [/2€

1
X sin {<n+3)t+(n+l)9}dt.

By Minkowski’s inequality

and

(FERY Ny VSN IV ERSY N

by 2 1 —r n4 1 . ,
HIZ,ZIH:J H(PV([)H-[—'{( P ) —e nreef201 r)}

where

dt

and

by 2 l— n+ 1
il = [ o0 |3 = coseetyn) (2]

By Lemma 1 ((3.2)),

=0 ("2 1y )

dn

Since w,(t; )/t is non-increasing for 0 <4 <1, we have
12l =0{(n+1)a, °bi*ow,(a,: )}
=O0(w,(1/n: [))

37

(5.8)

(5.10)

since (n+ 1)~ PETI-U+D—0(1) for f=(1+6)/(4+5), a condition

which is satisfied.
Since

2/t —cosec t/2 = O(t)

and (1 —r)/p <1, we have

12l =0 ( [ 01 f)> = O(w,(a,: f)n*/n®* )

dy

ofe (i)

(5.11)
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by using the facts that w (; /)/t° is non-increasing for 0 <d < | and that
B=0/(2+0).

Finally,
[2<1:]:.11+[3<1:+1:1}s (5.12)
where
I b r)y— A1 2.5 b
Ly=—]| AL +a")e w2 Y singa,, ') dt,
- Ty, !
l ‘Ah”(p—\'([) a2 )t
[:Alx*;Jun '—1 4
. 1 . I n+1
x|sin<|{n+=|r+m+1)0—sin<n+=+ r>t|dt,
2 2 1—r
[7 - :l 'Ah" (p\‘([+an) [() w201 ) e e+ a2t r)z]
- Ty, t

x sinfa, 'nt)dr.

By Lemma 3,

P o) — @1+ o
H[lll“ — 0 (J ”(p\( ) (Pr\( an)” e nri=;2(1 ry d[)

1
=0 <w,, (—; /))
n
by hypothesis.

By the mean value theorem

nei200 ey

—p nr(t+ ag)2(1 r)”

e

= na, ré exp(—narE?2(1 —r)?)/(1 —r)?, (5.13)

for some ¢ such that 1 <& <+ a, <2t. Hence the expression in the left of
(5.13) 1s O(r). Substituting this in |1, ;|| after using Lemma 3 and the fact
that w,(#; £)/1° (0 <d < 1) does not increase, we have

sl = 0 (4 .1 +a, dz)

C2a ) b
0(' w,(t+a,; /}di) <H—p(—a—:—QJ I a’t>
dy d 0

"

(ol olate)-oln ) o

since ff>=0/(1+0).

l
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)

Further, for a, <1<b,

sin{(n-{—%)r«t—(nﬁ—1)0}—sin{n+%+”+1r}tzO((iH—l)'- i

| —r | —r
dt)
~h

:0<(n+l)J ﬁw,,(t;f) rzdt>, (5.15)

dn

we get as before

rt

1yl =0 <(,,+ 0" wp(i; /)

Uy

!9_

1—r

by Lemma 2.
Since w,(r:f)/t° (0<d<1) is non-increasing, the expression on the
right of (5.15) is

by .
0(m+lwn%%ma)f ﬂmd*
)

“(

=O0(w,(n" "1 1)) (5.16)

r

since = (1 +3)/(3+9).
Thus on collecting the estimates we get (5.6).
This completes the proof.

Proof of Theorem 4. Since 0 <a <1, choose ¢ such that 0 <ax<d < 1.
Since ¢ (1) = O(¢*) when f e Lip(a, p), we use ¢ in place of w,(t; ) in the
proof of Theorem 4. Now that, without choice of §, r*~°  we can modify
the proof of Theorem 5 to get Theorem 4 after noting /e Lip(a, p) means
w,(n. /)= 0(n*) (n>0) and

nP exp(—An' " ¥)=0(n*), (B<3)

Our next result is an analogue of Theorem 3.

THEOREM 6. If feLip(a, p), 0<a<l1, p>1, ap>1, and

[ oo +a)
dp !

e " =0T, (507
uniformly in x where (1 +2)/(3+a)< i<} and a, is as in (1.7), then

Th(fix)— f(x)=0(n **'7), (5.18)
uniformly in x almost everywhere.

Proof of Theorem 6 is similar to that of Theorem 3 and hence we omit it.
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(5

COROLLARY 2. If feLipx (O<a< 1) and if the integral on the left of

A7) is of order n 7 uniformly in x then

T fix)—flx)=0(n )

uniformly in x almost everywhere.

The corollary fotlows from Theorem 6 by making p — .

6. REMARKS

w9

1. The results obtained in this paper hold when “O” is replaced by “o

and the classes Lip(x, p) and Lip « are replaced by Lip*(«, p) and Lip* «,
respectively.

2. We have not been able to characterize the class of functions for

which

[

iTAf X)) =S =0(n 7).
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